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Abstract
We consider the superparticle models invariant under the supersymmetries with
tensorial central charges, which were not included in D = 4 Haag-Lopuszanski-
Sohnius (HLS) supersymmetry scheme.
We present firstly a generalization of D = 4 Ferber-Shirafuji (FS) model with
fundamental bosonic spinors and tensorial central charge coordinates. The model
contains four fermionic coordinates and possesses three κ-symmetries thus providing
the BPS configuration preserving 3/4 of the target space supersymmetries. We show
that the physical degrees of freedom (8 real bosonic and 1 real Grassmann variable)
of our model can be described by OSp(8j1) supertwistor. Then we propose a higher
dimensional generalization of our model with one real fundamental bosonic spinor.
D = 10 model describes massless superparticle with composite tensorial central
charges and in D = 11 we obtain 0-superbrane model with nonvanishing mass
which is generated dynamically. The introduction of D = 11 Lorentz harmonics
provides the possibility to construct massless D = 11 superparticle model can be
formulated in a way preserving 1/2, 17/32, 18/32, . . ., 31/32 supersymmetries. In
a special case we obtain the twistor-like formulation of the usual massless D = 11
superparticle proposed recently by Bergshoeff and Townsend.
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1 Introduction
It is our great pleasure to contribute this article to the volume dedicated to Professor
Jan Lopuszanski on his 75-th birthday. He is one of the founders of algebraic background
for present supersymmetric theories. In seventies, when in 1975 he published fundamen-
tal paper with Haag and Sohnius (see [1]) it was however assumed that the relativistic
superalgebra should contain in its bosonic sector a direct summ of space-time symmetry
generators ( Poincare, de-Sitter, conformal) and internal symmetry generators, i.e. the
space-time bosonic generators and internal bosonic generators should commute. As a
consequence the internal Abelian generators, called also central charges, had to be scalar.
Recently however this conclusion has been relaxed, and in present algebraic framework
of SUSY appear generalized central charges - tensorial [2]{[6] or even spinorial [7, 8]
ones. The best example can be provided by D=11 supersymmetry algebra, containing
topological contributions from M2 and M5 superbranes:
fQ, Qg = PmΓm + Zm1m2Γm1m2 + Zm1:::m5Γm1:::m5 . (1.1)
In this lecture we shall consider the new superparticle models, invariant under SUSY
with tensor charge generators. We shall formulate such a model following the ideas of
supertwistor formulation by Ferber and Shirafuji [10, 11]. In Sect 2 we shall consider the
D=4 model which is invariant under the following D=4 SUSY algebra
fQA, QBg = ZAB, f QA˙, QB˙g = ZA˙B˙, (1.2)
fQA, QB˙g = PAB˙,
where (QA)
 = QA˙, (PAB˙)
 = PBA˙, (ZAB)
 = ZA˙B˙ and six real commuting central charges























represent the self-dual and anti-self-dual parts of the central charge matrices. It should
be stressed that the superalgebra (1.2-3) goes outside of the HLS scheme.
The D = 4 model considered in Section 2 can be reformulated in terms of two Weyl
spinors λA, µA and one real Grassmann variable ζ expressed by the generalization of
supersymmetric Penrose{Ferber relations [10, 11, 15] between supertwistor and superspace
coordinates. Such reformulation is described by OSp(8j1) invariant free supertwistor
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is the OSp(8j1) supersymplectic structure with bosonic Sp(8) symplectic metric
ω(8) = −(ω(8))T . It should be mentioned therefore that due to the presence of tensorial
central charges the standard SU(2, 2j1) supertwistor description [10, 11, 15, 16, 17, 18] of
the Brink{Schwarz (BS) massless superparticle [19] with one complex Grassmann coordi-
nate is replaced by a model with OSp(8j1) invariance and one real Grassmann degree of
freedom.
It should be stressed that by the use of spinor coordinates in the presence of tensorial
central charges
 we do not increase the initial number of spinor degrees of freedom (four complex
or eight real components) in comparison with the model without tensorial central
charges;
 we keep the manifest Lorentz invariance despite the presence of tensorial central
charges.
In fact, when we use our formulae (see Section 3)
PAB˙ = λA




we nd that, in comparison with standard FS model (PAB˙ = λA
λB˙, ZAB =
ZA˙B˙ = 0),
only the phase of spinor λA becomes an additional physical bosonic degree of freedom.
In Section 3 we shall consider the D=10 and D=11 models described by multidimen-
sional extensions of FS model with one fundamental spinor coordinates. The D=11 model
is invariant under the superalgebra (1.1). It appears that D=10 model is massless (due to
the famous Fierz identities for D=10 gamma matrices) and D=11 is generally a massive
one with a mass generated dynamically. In Section 4 we shall consider the large family
of D=11 massless models with particular fundamental spinor coordinates described by
Lorentz harmonics.
We would like to add that the results presented in Sections 2 and 3 can also be found
in our recent article [28], but all the results from Section 4 are new.
2 Generalization of Ferber–Shirafuji superparticle
model: spinor fundamental variables and central
charges























AB  dτAB = dzAB − i (A dB) ,
A˙B˙  dτ A˙B˙ = dzA˙B˙ − i (A˙ d B˙) ,
(2.2)
are the supercovariant one{forms in D = 4, N = 1 generalized flat superspace
M (4+6j8) = fY Mg  f(XAA˙, zAB, zA˙B˙; A, A˙)g, (2.3)
with tensorial central charge coordinates zmn = (zAB, zA˙B˙) (see (1.3)). The complete
conguration space of the model (2.1) contains additionally the complex-conjugate pair
(λA, λA˙) of Weyl spinors
M(4+6+8j8) = fqMg  f(Y M ; λA, λA˙)g = f(XAA˙, zAB, zA˙B˙; λA, λA˙; A, A˙)g, (2.4)





A, P A˙; piA, piA˙), (2.5)
we obtain the following set of the primary constraints
AB˙  PAB˙ − λAλB˙ = 0, (2.6)
AB  ZAB − λAλB = 0, (2.7)
A˙B˙  ZA˙B˙ − λA˙λB˙ = 0, (2.8)
PA = 0, PA˙ = 0, (2.9)
DA  −piA + iPAB˙ B˙ + iZABB = 0, (2.10)
DA˙  piA˙ − iBPBA˙ − i ZA˙B˙ B˙ = 0. (2.11)
Because the action (2.1) is invariant under the world line reparametrization, the canon-
ical Hamiltonian vanishes
H  _qMPM − L(qM, _qM) = 0 (2.12)
It can be deduced that the set (2.6)-(2.11) of 14 bosonic and 4 fermionic constraints
contains 6 bosonic and 3 fermionic rst class constraints
B1 = λ




PAB˙ − λAµ^BZAB = 0, (2.14)




PAB˙ − µ^Aµ^BZAB − ^µA˙ ^µB˙ ZA˙B˙ = 0, (2.16)
B5 = λ
AλBZAB = 0, (2.17)
B6  (B5) = λA˙λB˙ ZA˙B˙ = 0, (2.18)
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F1 = λ
ADA = 0, (2.19)
F2  (F1) = λA˙ DA˙ = 0, (2.20)
F3 = µ^
ADA + ^µ
A˙ DA˙ = 0, (2.21)










i.e. λAµ^A = λ
A˙ ^µ = 1. One can show 2 that our rst class constraints (2.13) - (2.21)
can be chosen for any particular form of the second spinor µA as a function of canonical
variables (qM,PM). Further we shall propose and motivate the choice for µA, µA˙.





Aµ^BZAB = 0, µ^
AλB˙PAB˙ +
λA˙ ^µ
B˙ ZA˙B˙ = 0, (2.23)
µ^Aµ^BZAB − 1 = 0, ^µA˙ ^µB˙ ZA˙B˙ − 1 = 0, (2.24)
PA = 0, PA˙ = 0, (2.25)
SF  µ^ADA − ^µA˙ DA˙ = 0, (2.26)
We see that the number # of on-shell phase space degrees of freedom in our model is
# = (28B + 8F )− 2 (6B + 3F )− (8B + 1F ) = 8B + 1F (2.27)
in distinction with the standard massless superparticle model of Brink{Schwarz [19] or
Ferber-Shirafuji [10, 11] containing 6B + 2F physical degrees of freedom.
In order to explain the dierence in the number of fermionic constraints, let us write
down the matrices of Poisson brackets for the fermionic constraints (2.10), (2.11). In our
case it has the form
C =
 fDA, DBgP fDA, DB˙gP

















Now it is evident that in our case the rank of the matrix C is one, while for FS model it
is equal to two
rank(C) = 1, rank(CFS) = 2.
Consequently, in our model there are three fermionic rst class constraints generating
three κ{symmetries [12], one more than in the FS model.
2We recall [22] that the first class constraints are defined as those whose Poisson brackets with all
constraints weakly vanish. Then one can show [22] that the first class constraints form the closed algebra.
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In order to clarify the meaning of the superparticle model (2.1) and present an explicit
representation for its physical degrees of freedom, we shall demonstrate that it admits the
supertwistor representation in terms of independent bosonic spinor λA, bosonic spinor µA
being composed of λA and superspace variables
µA =








XBA˙ − iB A˙

λB + 2z
A˙B˙λB˙ − iA˙ B˙λB˙ (2.31)
and one real fermionic composite Grassmann variable ζ
ζ = AλA + 
A˙λA˙ (2.32)
Eqs. (2.30) -(2.32) describe OSp(8j1){supersymmetric generalization of the Penrose corre-
spondence which is alternative to the previously known SU(2, 2j1) correspondence, rstly
proposed by Ferber [10]. Performing integration by parts and neglecting boundary terms




A˙ dλA˙ + idζ ζ

. (2.33)
Eq. (2.33) presents the free OSp(8j1) supertwistor action. It can be rewritten in the
form (1.4) with real coordinates Y A = (µ, λ, ζ) where real Majorana spinors µ, λ are
obtained from the Weyl spinors (µA, µA˙), (λA, λA˙) by a linear transformation changing
for the D = 4 Dirac matrices the complex Weyl to real Majorana representation.
The action (2.33) produces only the second class constraints
P
()




− µA˙ = 0, P ()A˙ = 0, (2.35)
pi() = iζ (2.36)









fζ, ζgD = −i (2.38)
They can be also obtained after the analysis of the Hamiltonian system described by
the original action (2.1). For this result one should rstly perform gauge xing for all
the gauge symmetries, arriving at the dynamical system which contains only second class
constraints, and then pass to the Dirac brackets in a proper way (see [17] for corresponding
analysis of the BS superparticle model). This means that the generalization of the Penrose
correspondence (2.30), (2.31), (2.32) should be regarded as coming from the second class
constraints (primary and obtained from the gauge xing) of the original system and, thus,
should be considered as a relations hold in the strong sense (i.e. as operator identities after
quantization) [22]. Hence, after the quantization performed in the frame of supertwistor
approach, the generalized Penrose relations (2.30), (2.31), (2.32) can be substituted into
the wave function in order to obtain the D = 4 superspace description of our quantum
system.
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We shall discuss now the relation of Eq. (2.30), (2.31), (2.32), (2.33) with the known
FS SU(2, 2j1) supertwistor description of the BS superparticle [10, 11, 15, 16, 17, 18].








supplemented by the rst class constraint
µAλA − µA˙ λA˙ + 2iξ ξ = 0 (2.40)
The SU(2, 2j1) supertwistor (λA, µA˙, ξ), contains complex Grassmann variable ξ and
the supersymmetric Penrose{Ferber correspondence is given by
µA˙ =

XBA˙ − iB A˙

λB (2.41)
ξ = AλA, ξ = 
A˙λA˙. (2.42)
Comparing Eqs. (2.39) { (2.42) with our OSp(8j1) supertwistor description (2.30) {
(2.33) of the superparticle (2.1) with additional central charge coordinates, we note that
 Besides additional terms proportional to tensorial central charge coordinates zAB ,
zA˙B˙, there is present in (2.31) the second term quadratic in Grassmann variables.
This second term, however, does not contribute to the invariant µAλA.
 In our model we get
µAλA − µA˙ λA˙ = 2λAλBzAB − 2λA˙λB˙zA˙B˙ + 2iAλA A˙λA˙ (2.43)
i.e. we do not have additional rst class constraint generating U(1) symmetry
(compare to (2.40) of the standard supertwistor formulation). Thus our action
(2.33) is not singular in distinction to (2.39), where the rst class constraint (2.40)
should be taken into account, e.g. by introducing it into the action with Lagrange
multiplier [18].
 The complex Grassmann variable ξ (2.42) of FS formalism is replaced in our case by
the real one ζ (2.32). This dierence implies that in our supertwistor formalism the
limit zAB ! 0, zA˙B˙ ! 0 does not reproduce the standard SU(2, 2j1) supertwistor
formalism. Indeed, this is not surprising if we take into account that, from algebraic
point of view, SU(2, 2j1) is not a subsupergroup of OSp(8j1).















where Z, Z are complex numerical constants. It appears that for all values of Z 6= 1
the model (2.44) will have only two κ-symmetries, and only for particular value Z =
1 we obtain three κ-symmetries. The quantization of the model (2.44) is now under
consideration [37].
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3 D = 10 and D = 11 models with one fundamental
spinor
Recently the most general superparticle model associated with space{time superalgebra
(1.1) was proposed by Rudychev and Sezgin [20]. Introducing generalized real superspace


















_X − _θ(θ) ( _a  da
d
), C is the charge conjugation matrix and e is the
set of Lagrange multipliers, generalizing einbein in the action for standard Brink-Schwarz
massless superparticle [19].
Generalized mass shell condition, obtained by varying e in (3.1), takes the form
P γCγP
 = 0 . (3.2)
We shall look for P  expressing it as spinor belinears and satisfying the generalized
mass shell condition (3.2). Particular solution is provided by the following extension of
our representation (1.6) to any dimension D > 4 with the use of one real D-dimensional
Majorana spinor λ (α = 1, ..., 2
k, k = 4 for D = 10, k = 5 for D = 11):
P = λλ, (λ)
 = λ, (3.3)
where (1.6) is obtained if k = 2. The expression (3.3) solves the BPS condition detP = 0
as well as more strong Rudychev-Sezgin generalized mass shell constraint (3.2) valid in
the model (3.1) with antisymmetric charge conjugation matrix C (C = −C).






 = dX − id(),
α = 1, ..., 2k
and for k = 2 we get the action (2.1).
The case k = 4 can be treated as describing spinorial D = 10 massless superparticle
model with 126 composite tensorial central charges Zm1:::m5 (cf. with [2, 5]). Indeed, using
the basis of antisymmetric products of D = 10 sigma matrices we obtain
λλ  P = Pmσm + Zm1:::m5σm1:::m5 , (3.5)







m λ ) PmP m = 0. (3.6)
The mass shell condition PmP
m = 0 appears then as a result of the D = 10 identity
(σm)((σ
m)γ) = 0.
The action (3.4) for k = 8 can be treated as describing a 0{superbrane model in D = 11
superspace with 517 composite tensorial central charge described by 32 components of one
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real Majorana D = 11 bosonic spinor. In distinction to the above case such model does
not produce a massless superparticle 3. Indeed, decomposing (3.3) in the basis of products




















Using the D = 11 Fierz identities one can prove that the mass shell condition acquires
the form
M2 = PmP
m = 2 ZmnZmn − 32:5! Zm1:::m5Zm1:::m5 (3.10)
with Zmn = − 164λΓmnλ, Zm1:::m5 = 132.5!λΓm1:::m5λ.
If we take into consideration that the equations of motion for our model (3.4) imply
that the bosonic spinor λ is constant (dλ = 0), we have to conclude that (3.4) with
k = 8 provides the D = 11 superparticle model with mass generated dynamically in a way
similar to the tension generating mechanism, studied in superstring and higher branes in
[21].
Performing the integration by parts we can rewrite the action (3.4) in the OSp(1j2k)




(µdλ + idζ ζ), α = 1, . . . , 2
k. (3.11)
The generalized Penrose{Ferber correspondence between real supertwistors and real gen-
eralized superspace looks as follows
µ = Xλ − i(λ), ζ = λ. (3.12)
4 A set of D = 11 massless superparticle models with
conservation of more then 1/2 target space super-
symmetries
In order to formulate the model we need to describe SO(1, 10)/(SO(1, 1)⊗ SO(9) K9)
Lorentz harmonic formalism.
3Note, that the D = 11 Green–Schwarz superparticle model does exist and was presented in [26]
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4.1 SO(1,10)(SO(1,1)⊗SO(9)K9 spinor moving frame








m) 2 SO(1, 10) (4.13)






where I = 1, ..., 9 is SO(9) vector index.























A) 2 Spin(1, 10) (4.16)
where A = 1, ..., 16 is SO(9) spinor index and the sign superscripts denote the SO(1, 1)
weight of the vector and spinor harmonics.
As the Spin(1, 10) transformations keep invariant not only the gamma matrices (4.14),




 = C , (4.17)

















B = 0. (4.18)
Eqs. (4.18) is equivalent to the following decomposition of 32 32 unity matrix 4
δ

 = iv −Av
+
A − iv −Av
+
A (4.19)
In a suitable SO(1, 1) ⊗ SO(9) K9 invariant representation for D = 11 gamma


























(compare e.g., with D = 10 cases from Refs. [33, 32, 34, 30]). The decomposition of the
relations (4.15) includes, in particular
v −AΓ

m v −B = 2δABu
−−
m , (4.21)
4The appearance of multiplier i in Eqs. (4.18), (4.19) is due to the fact that D = 11 charge conjugation
matrix is imaginary for our choice of notations and signature ηab = diag(+1,−1, . . . ,−1)
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4.2 Action for D = 11 massless superparticle with tensorial cen-
tral charge coordinates
The twistor-like action for D = 11 massless superparticle with tensorial central charge











 = dX − id()










evidently satisfy the BPS condition
det(P) = 0
as well as the more strong Rudychev-Sezgin generalized mass shell constraint
PC
P = 0.
The rank of the matrix P is less or equal to 16, equal in fact to the rank of the matrix
P++AB . As we will demonstrate just this rank denes the number of preserved target space
supersymmetries.









 − 2id(δ)) (4.24)
i
 = δX − iδ()





Thus the half of  variations δv +A are not involved in the variation of action and,
therefore, parameterize the 16 kappa symmetries.
When det(P++AB ) 6= 0, the rest 16 of the 32 Grassmann variations δv −A acts eectively
and produce nontrivial equations of motion
dv −AP
++
AB = 0, ) dv −A = 0.
We see that there are only 16 kappa symmetries in such dynamical system and so it
describes the BPS state preserving 1/2 of the D = 11 target space supersymmetry.
We obtain an important particular case of the model (4.22) with det(P++AB ) 6= 0 when








is proportional to the gamma matrix Γm , hence it does not contain components pro-
portional to Γmn , Γ
mnklp
 . Thus the central charge coordinates disappear from the action












m = dXm − idΓm
The formula (4.25) provides the twistor-like formulation of the action for the ’standard’
D = 11 massless superparticle (without tensorial central charge coordinates), whose ’stan-
dard’ (Brink{Schwarz type) action was proposed recently in Ref. [29].
The generic case of nondegenerate P++AB matrix corresponds the model with central
charge coordinates and half of 32 space time supersymmetries conserved.


















If one denotes λ+Av
−




coincides with the action proposed in [28]. But the composite nature of the bosonic spinor
λ in the action (4.26) results in the relation
32Pm  λΓmλ = (λ+Av −A)(λ+Av −B)Γm = λ+Aλ+Au−−m , (4.27)
where u−−m is a light-like harmonic vector u
−−mu−−m = 0. Thus PmP
m = 0 and we conclude
that (4.26) describes a massless D = 11 superparticle with central charge coordinate in
distinction with the D = 11 model described by (3.4) [28], where, in general, the particle
is massive with mass generated dynamically [21].
Nevertheless both the models (3.4) and (4.26) describe BPS congurations with preser-
vation of 31/32 part of the D = 11 target space supersymmetries.
Indeed the variation of the action (4.26) includes eectively only one Grassmann vari-
ation δλ (with λ composed from harmonic and SO(16) spinor as in (4.26)), which
remains the same for the action (3.4), where the λ spinor is fundamental (see [28]).





B , s = 1, ..., r, 1 < r < 8. (4.28)






We would like to recall that in the ’M-theoretic’ approach (see e.g. [27, 3, 13]) the tensorial
central charges Zm1:::mp are considered as carried by p-branes. Following such treatment,
one should interpret e.g. in D = 4 central charges Z as an indication of presence
of D = 4 supermembrane (p = 2). The relation of our superparticle model with such
D = 4 membrane states is not clear now and can be regarded as an interesting subject
for further study. Here we should only guess that there should be some singular point{
like limit of supermembrane, which should keep the nontrivial topological charge and
increase the number of preserved (realized linearly) D = 4 target space supersymmetries.
Similar limiting prescription should be possible e.g. for 5{branes in D = 10, 11 leading
to the D = 10 and D = 11 superparticle actions (3.4) with the relation (3.3) describing
composite tensor charges.
At the end of the paper we proposed a generalized FS model for D > 4. The straight-
forward generalization provides us with D = 10 massless superparticle model preserving
15/16 supersymmetries and D = 11 superparticle model with arbitrary, in general nonva-
nishing, mass generated dynalically [21]. The latter concerves 31/32 of the target spase
supersymmetries. Then we introduce spinor harmonics and formulate massless D = 11
superparticle model preserving 1/2, 17/32, 18/32, . . ., 31/32 supersymmetries dependent
on the rank of the Lagrange multiplier matrix P++AB . The case with 1/2 corresponds to
nondegenerate matrix P++AB : det(P
++
AB ) 6= 0. For the choice P++AB =/ δAB, the dependence
on central charge coordinates disappears and we arrive at the twistor-like formulation of
the usual massless D = 11 superparticle proposed recently by Bergshoe and Townsend.
It should be also mensioned that the superparticle model invariant under super-
Poincare symmetries with central charges can be obtained as a contraction limit of su-
perparticle model dened on the orthosymplectic supergroup manifolds. The D = 4 case
(OSp(4j1) model) is now under consideration [38].
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